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The Haldane model of the Chern insulator is considered on the Lieb and honeycomb lattices. We
provide a detailed analysis of the model’s ground-state phase diagram and demonstrate a scenario
of the topological phase transitions in the system with a single-particle spectrum that includes flat
and dispersion bands, that is realized on the Lieb lattice. We find that the Chern number of the
flat band is non-zero, depending on the parameters of the model. We define the topological metal
state as an intermediate state between topological insulator and trivial metal. The phase transition
between topological insulator and topological metal states is accompanied by continuous changing of
the Chern number, a jump of the surface charge or spin current defines the point of the topological
metal-trivial metal phase transition. The results have been illustrated with numerical calculations
of the model.
INTRODUCTION
The Haldane model [1] is a key model for understand-
ing the topological states of 2D fermion systems— the
Chern insulators. The Chern number C is well defined
in insulator state, being an integer. The Berry curvature
is a gauge-invariant for both insulator and metal phases,
in metal phase it defines a Chern number as an integral
over the Fermi surface (in contrast to insulator phase,
where an integral is defined over the Brillouin zone). The
topological state in the metal state may be characterized
by the charge or spin Chern numbers, which define the
surface charge or spin currents that have a topological
nature in the metal state. We will study the Chern state
in insulator and metal phases in the framework of the
Haldane model defined on two different 2D lattices in
order to investigate the peculiarities of their behavior.
Models of strongly correlated electrons in decorated 2D
lattices (such as the Lieb lattice) are extensively studied,
motivated by the search for metallic (flat-band) ferro-
magnetism [2]. Phase diagrams of such models include
different phases with spin, charge and spin-charge order-
ings. The topological and nematic phases are realized
on the Lieb lattice for single fermion states forming a
flat band [3, 4]. Traditionally, the topological insulator’s
(TI) behavior derives from the dispersive bands that have
nontrivial Chern numbers or Z2 indices. The systems
with dispersionless (flat) bands can be topological non-
trivial, e. g. flat Landau bands for particles in a magnetic
field, where the fractional quantum Hall effect is the re-
sult of nontrivial correlated physics [5]. A 2D electron
gas in transverse magnetic field, known as the Hofstadter
model [6], represents various quantum Hall states, each
one is characterized by a quantum number— the Chern
number [7]. The Chern insulator state where the bulk-
edge correspondence accompanies the topological insula-
tor state is realized in the Hofstadter model [6, 8] (see
also ref. [9]).
A model of TI on the Lieb lattice in 2D and its 3D
counterpart the perovskite or edge centered cubic lat-
tice that takes in account a spin-orbit interaction term
has been presented in ref. [3]. The next-nearest neigh-
bor spin-orbit-induced interaction opens a gap in the M
point and the system is TI at 1/3 and 2/3 band fill-
ing with Z2 index equals to 1 for two dispersive bands
and 0 for topologically trivial flat band. In ref. [4] the
authors have considered a variant of the tight-binding
model on the Lieb lattice that takes into account a stag-
gered potential, nearest-neighbor (NN) and next-nearest-
neighbor (NNN) hoppings of fermions. They have shown
that the point of band crossing is not topologically non-
trivial, but also only weak interaction can induce the TI
phase. As a rule, the Chern number of the flat bands is
Cflat = 0, therefore (opposed to Landau levels) we get
no quantized Hall conductance for these particular flat
bands.
We consider topological phase transitions in the frame-
work of the Haldane model [1] on the honeycomb and
Lieb lattices. The studied model is a variant of the Hal-
dane model realizing on the Lieb lattice — the tight-
binding model of TI with the NN and NNN hoppings.
The orbitals on the different sites of unit cell in the cu-
bic lattice have different energies. The phase diagram
of the model also depends on the filling of the fermion
bands, the TI phases are realized at 1/3 and 2/3 filling
when the Fermi level is positioned within a forbidden
band between flat and neighboring dispersing bands. At
the point of the topological phase transition (TPT) the
flat band and a neighboring dispersing band touch at
the Dirac point. Breaking the time-reversal symmetry
(TRS) leads to topological states that are fundamentally
different from traditional insulator phases. In the stud-
ied model an inversion symmetry is conserved, the system
exhibits a topological Chern insulator.
The purpose of this paper is to understand the topo-
logical state of the fermion system with different spec-
trum (namely band and flat band spectrum), to calculate
the Chern numbers in both insulator and metal phases.
We will shown also that the flat band is isolated in the
TI phase due to breaking TRS, therefore the flat band
can be viewed as critical point at TPT. In other words,
we correlate the topological nature of the flat band and
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FIG. 1. (a) Schematic plot of the Haldane model on the
Lieb lattice with the real nearest t and complex (with cho-
sen direction) next-nearest hoppings τ exp(iφ), a dotted curve
indicates the unit cell, which contains three sublattice sites
(A,B,C), (b) the Haldane model on the honeycomb lattice.
TPT from which emerges a reincarnation of the quantum
Hall conductivity. We will show that the Chern number
of the flat band is changed from zero to one depending on
parameters of the model. The Chern state exhibits the
chiral gapless edge modes that define the surface charge
or spin currents in metal and insulator phases.
THE STUDIED 2D MODEL OF THE CHERN
INSULATOR
We will analyze the tight-binding model of the TI de-
fined on the honeycomb and Lieb lattices, that describes
an influence of a magnetic field. In the real space the
Hamiltonian of the model is
H = −t
∑
〈i,j〉
a†iaj − τ
∑
〈〈i,j〉〉
eiφija†iaj + 
∑
j=A
a†jaj , (1)
where aj and a
†
j are the spinless fermion operators with
the usual anticommutation relations. The first term rep-
resents NN hopping with a magnitude t, the second term
is NNN hopping with a hopping parameter τ and a Peierls
phase φij , the last term represents a staggered potential
with a value . The unit cell of the Lieb lattice consists
of three sites for the lattice denoted as A, B, C and two
sites A and B for the honeycomb lattice (see fig. 1). The
homogeneous Peierls phase φij (denoted as ±φ the clock-
wise (anticlockwise) NNN hopping relatively to a cell) is
considered as the parameter of the model. The model (1)
defined on the honeycomb lattice has been introduced by
Haldane [1]. The phase state of the model on the Lieb
lattice for two different complex phases φ = pi/4 and
φ = pi/2 at filling 1/3 has been investigated recently in
ref. [10].
The NNN hoppings in (1) breaks TRS which is cru-
cial in obtaining the TI phase. The staggered poten-
tial does not break inversion symmetry, the spectrum of
one-particle excitations is a spatial inversion symmetric.
We will investigate the ground-state phase diagram in a
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FIG. 2. Phase diagrams of (a) the Haldane model on the
honeycomb lattice at half-filling n = 1/2 and (b) the model
on the Lieb lattice (1) at 1/3 band filling with three distinct
phases: metal (M), insulator and topological insulator (TI).
The topological phase transition is marked with a brown line
(a)  = ±3√3τ sinφ and (b)  = −4τ sinφ. Blue regions stand
for metal phase. The shaded region represents metal phase
for arbitrary (including infinitesimal) values of t. The black
curve limits metal phase for t  τ, . Two lines separating
metal (inside) and TI (outside) phases are shown for t = τ
and t = 2τ .
low filling region at 0 < n ≤ 1/2. Using the particle-hole
transformation a†j(aj)→ aj(a†j) for the Hamiltonian (1),
one may obtain the phase diagram at filling 1/2 < n ≤ 1,
as H(t, τ, φ, , n) → H(−t,−τ, φ,−, 1 − n). The model
(1) can be considered as the Haldane model defined on
the Lieb and honeycomb lattices.
THE HONEYCOMB LATTICE
The phase diagram of the Haldane model has a rich
structure for different values of t and τ [11], in the case
t  τ the system is in the insulator state at half-filling
n = 1. For arbitrary values of the parameters of the
Hamiltonian (1) the phase diagram consists of insulator,
TI and metal phases at n = 1. A traditional Haldane
diagram  = ±3√3τ sinφ (brown lines in fig. 2) that sep-
arates insulator and TI phases is realized in the τ  t
limit. At t < 5τ the phase diagram contains a metal
phase which is shown in fig. 2 for different values of t,
this region decreases with increasing t.
The phase of TI is defined by the Haldane diagram at
t τ , the spectrum of excitations has a traditional form
for TI (see in fig. 3), where two bulk fermion subbands are
connected via edge chiral modes. The Chern number and
chiral edge modes define the state of the Chern insulator.
In the system with zero-net magnetic field [1] a filled
band (γ is a band index) with nontrivial Chern number
Cγ yields a Hall surface conductance σH = Cγe
2/h. The
Chern number is a topological invariant which can be
easily defined for a band isolated from all other bands by
3(a) (b)
FIG. 3. Energy levels of the Haldane model on the hon-
eycomb lattice calculated on a cylinder with open boundary
conditions for a zig-zag boundary (a) in the (topologically
trivial) insulator state at t = 10τ , φ = pi/2,  = 6τ and (b) in
TI state at t = 10τ , φ = pi/2,  = 2τ . The wave vector k is
along the boundary.
the formula
Cγ =
1
2pi
∫
BZ
Bγ(k)d2k (2)
integrating over the Brillouin zone (BZ) of the system,
where Bγ(k) = ∇k × Aγ(k) is the Berry curvature.
The Berry potential
Aγ(k) = −i〈u(k)|∇k|u(k)〉 = −i
N∑
ρ
(
uγρ(k)
)∗∇kuγρ(k)
is defined in terms of the Bloch states uγρ(k), ρ is the
index of the unit cell, N is the total number of unit cells.
The change of the value of the Chern number is realized
at the point of the TPT in which the linear bands are
reminiscent of a Dirac-like point.
The Chern number (2) is well defined in the insulator
state, due to the bulk-edge correspondence two edge chi-
ral modes define the surface Hall conductance. The sur-
face Hall conductance is also realized in the metal state
for different filling, when the Fermi level crosses the edge
chiral modes. The surface conductance is defined by the
number of the chiral edges, that crosses at one point the
Fermi surface. Let us consider the behavior of the system
in the topological state for given parameters of the model
(t = 10τ , φ = pi/2,  = 2τ) for different filling, namely
the dependence of the Chern number as function of the
Fermi energy EF . We have analyzed the dependence of
the Chern number for different fillings, integrating Berry
curvature over the Fermi surface at given filling. It is
convenient to calculate the Chern number for different
values of EF (see figs 4). The transition from TI state
(shady region at small values of EF ) with the Chern num-
ber equal to −1 to the topologically trivial metal state
(white region) with C = 0 at large values of EF is real-
ized via an intermediate state named as topological metal
state (grey region) with 0 < C < 1 and one gapless edge
chiral mode (see fig 4b). Two shown regions in figs 4
(namely shady and grey) are defined by two and one one
gapless edge chiral modes, correspondently. The topolog-
ical metal phase is observed in the case of trivial insulator
-20 -10 10 EF
-1
-0.5
0.5
1
C
(a)
-20 -10 10 EF
-1
-0.5
0.5
1
C
(b)
FIG. 4. The Chern number of the Haldane model as function
of the Fermi energy EF calculated at (a) t = 10τ , φ = pi/2,
 = 6τ and (b) t = 10τ , φ = pi/2,  = 2τ (the same parameters
as in fig. 3), upper (red) dashed line stands for an upper
subband, lower (blue) dashed line is for lower subband, a solid
black line is for the total Chern number.
for n 6= 1 for a wide region of the Fermi energies (a grey
region in fig 4a). In other words, the topological metal
state is characterized by a surface chiral edge current and
0 < C < 1.
THE LIEB LATTICE OR A LINE-CENTERED
SQUARE LATTICE
In a traditional tight-binding model on the Lieb lattice
(the Hamiltonian (1) with the nearest-neighbor hopping
only) a flat band touches two linearly dispersing bands at
the same point, where the linear bands are reminiscent
of a Dirac-like point [2, 3]. There are the three bands
including a flat band with the dispersion at τ = 0
Eflat(k) = ,
E±(k) = ± 2t
√
cos2(kx/2) + cos2(ky/2),
at the M point E±(k) ' |k|, where k = (kx, ky) is the
wave vector. The other two bands (E±) describe the cone
at the M point when τ = 0, and two parabolic bands sep-
arated from the flat band by the gaps ∆± = ± 4τ sinφ,
when τ,  6= 0.
The flat band can be viewed as a critical point. In the
case when τ and  are non-zero the flat band is isolated
from the dispersing bands, it becomes slightly dispersive
(without removing the band crossing point).
We consider the phase state depending on the model’s
parameters and focus our attention on the 1/3 band fill-
ing. The case n = 2/3 is similar due to particle-hole
symmetry.
The phase transition to insulator phase can be real-
ized at filling n = 1/3 (n = 2/3). In fig. 2b the phase di-
agram describes the phase transition between metal (or
bad metal) and insulator phase states at n = 1/3. The
Haldane-like diagram ∆± = 0 ⇐⇒  = ±4τ sinφ sepa-
rates the phases of topological and trivial insulators for
pi/4 < φ < 74pi, the Chern number calculated accord-
ing to (2) in the TI phase is equal to the signum of φ.
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FIG. 5. Dispersion curves E(k) (k is the wave vector along the boundary) and Chern numbers C of each band of the Lieb
lattice finite in y-direction for different values of parameters, t = 10τ , (a)  = τ , φ = pi/6, (b)  = 2τ , φ = pi/6, (c)  = 4τ ,
φ = pi/6, (d)  = 2τ , φ = pi/3, (e)  = 6τ , φ = pi/3. Fermi levels for n = 1/3 and n = 2/3 are marked with red dashed lines.
The metal phase is realized only when −pi/4 < φ < pi/4,
a curve  = −4τ cosφ separates this phase from the triv-
ial insulator state. The region of metal phase depends
on the ration of t/τ and reduces to a stripe in the in-
finite t-limit; it shrinks with t/τ decreasing. Most TIs
are narrow band gap semiconductors, thus τ/t 1 in
practical situations. The Haldane-like diagram is defined
by the TPT with the Dirac-like one-particle spectrum at
the point M . Figs 5 demonstrate the one-particle spec-
trum of a finite 2D lattice and calculations of the Chern
number of the subbands for different points of the phase
diagram Fig.2. The one-particle spectrum has gaps in
topologically trivial and nontrivial insulator phases and
a “quasiflat” band touches dispersing band at a Dirac-
like point. The insulating phase state is defined by the
Chern number of each subband of spinless fermions be-
low the Fermi level. The sign of the Chern number deter-
mines the chirality of the edge modes on the Fermi level.
As we have mentioned, the middle and upper bands ac-
quire Chern numbers plus and minus one in trivial insu-
lator phase at n = 1/3, while the lower one has C = 0.
Moreover, the flatness and the Chern number of the mid-
dle (“quasiflat”) band Cflat depend on the values of τ , 
and φ and defined as
Cflat =
{
0, || < 4|τ sinφ|,
sgn(τ sinφ), || > 4|τ sinφ|.
In other words, the Haldane-like diagram is also strongly
connected with the changing of the flat band’s topology.
The edge states are symmetric, when fermions on the
boundary interact with fermions along the boundary. We
compare the calculations of the Chern number and the
number edge modes that cross the Fermi surface for given
filling of the system. Such approach gives possibility to
find “bulk-edge correspondence in metallic phase” in the
model with a flat band. The behavior of the Chern num-
ber calculated on the Lieb lattice (figs 6) for different EF
is similar to the case of the honeycomb lattice (figs 4).
Calculations of the Chern number for topologically triv-
ial and nontrivial flat bands are shown in figs 6. The
phase transition from TI state with C = −1 at EF = 0
to the trivial metal state is realized via an intermediate
topological metal phase.
The calculations of the Chern number in the frame-
work of the Haldane and Lieb models show that the topo-
logical metal state is realized as an intermediate state be-
tween TI and metal states at doping of system. Accord-
ing to figs 4 and figs 6, this topological state is character-
ized by both 0 < |C| < 1 and one or two edge mode(s).
In other words, the topological order C 6= 0 and the chi-
ral edge mode(s) that take place in the metal phase give
us possibility to consider this metal state as topological.
CONCLUSIONS
Let us consider the spin variant of the model (1) with
different sings of the hopping integrals τσ = σzτ [12].
The system is the sum of two decoupled subsystems
of σ =↑, ↓ and their Chern numbers Cσ are topologi-
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FIG. 6. The Chern number as function of the Fermi energy
EF numerically calculated on the Lieb lattice for (a) topologi-
cally trivial ( = 2τ) and (b) topologically nontrivial ( = 6τ)
flat band, t = 10τ , φ = pi/3. Dashed lines stand for Chern
number of each subband, while a solid line is a total.
cal indices. Their sum (total Chern number) and the
half of their difference (the spin Chern number) define
the topological states of such system. A spin current
J = (~/2e)(J↑ − J↓) is characterized by a quantized spin
Hall conductivity. The edge spin current defines a topo-
logical metal state of system, because it is equal to zero
in the topologically trivial metal state. The Chern num-
ber in the topological metal state is less than one and
nonequal to zero, it defines the topological phase transi-
tion from TI state (with C = 1) to the topological metal
state (with 0 < C < 1). The phase transition from the
topological metal state to the trivial metal state is real-
ized for C 6= 0, in this case the jump of the edge charge
or spin currents defines the point of topological metal–
trivial metal phase transition.
We have show that the topological insulator states
in the Lieb lattice are realized at one third and two
third band filling when the Fermi level separates nar-
row (nearly dispersionless) and neighboring dispersing
bands of spinless fermions. The Chern number of the
flat band depends on the parameters of the model, its
value is changed at the point of the topological phase
transition.
[1] F.D.M. Haldane, Phys. Rev. Lett., 61, 2015 (1988).
[2] J.D. Gouveia and R G. Dias, Journal of Magnetism
and Magnetic Materials,382, 312 (2015); K. Noda, K.
Inaba, and M. Yamashita, Phys. Rev. A, 90, 043624
(2014); J.D. Gouveia and R.G. Dias, Solid State Com-
munications, 185, 21 (2014); J.D. Gouveia and R.G.
Dias, Spin and charge density waves in the Lieb lattice,
arXiv:1505.01656v1 [cond-mat.str-el]; K. Noda, K. Inaba
and M. Yamashita Magnetism in the three-dimensional
layered Lieb lattice: Enhanced transition temperature via
flat-band and Van Hove singularities,[cond-mat.quant-
gas] arXiv:1505.06591.
[3] C. Weeks and M. Franz, Phys. Rev. B 85, 041104R
(2012).
[4] W.-F. Tsai, C. Fang, H. Yao and J. Hu, New J. Phys.
17, 055016 (2015).
[5] S.A. Parameswaran, R.Roy and S.L. Sondhi, Comptes
Rendus Physique, 14, 816 (2013); S.A. Parameswaran,
R. Roy and S.L. Sondhi, Phys. Rev. B 85, 241308R
(2012).
[6] D. Hofstadter, Phys Rev B 14, 2239 (1976).
[7] D.J. Thouless, M. Kohmoto, M.P. Nightingale, M. den
Nijs, Phys. Rev. Lett. 49, 405 (1982).
[8] G.Naumis and I.I.Satija Topological Map of the Hofs-
tadter Butterfly Macroscopic Chern Annihilations and
Van Hove Singularities, arXiv:1507.08130v1 [cond-
mat.other] 29 Jul 2015.
[9] Y.Zhang, D.Bulmash, A.V. Maharaj, C.-M.Jian, and
S.A. Kivelson The almost mobility edge in the almost
Mathieu equation, arXiv:1504.05205v2 [cond-mat.mes-
hall] 25 Jun 2015.
[10] B. Jaworowski, A. Manolescu and P. Potasz, Fractional
Chern Insulator phase at the transition between checker-
board and Lieb lattice arXiv:1508.04399 [cond-mat.str-el]
2015.
[11] I.N. Karnaukhov and I.O. Slieptsov, Eur.Phys.J. B, 87,
230 (2014).
[12] C.L. Kane and E.J. Mele, Phys. Rev. Lett. 95, 146802
(2005).
